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The Heisenberg uncertainty relation, DxDpxP ⁄/2 (⁄  h/2p), is well known. The purpose of this paper is
to study a linkage between macroscopic thermodynamic quantities and the uncertainty relation. To sim-
plify matters, we consider one-dimensional harmonic oscillator model. The calculations are carried out
by two steps. First, the thermal average of the uncertainty relation is obtained for canonical system in
thermal equilibrium at temperature T, which is denoted by ðDxÞTðDpxÞT . Second, the thermodynamic
quantities are expressed analytically as a function of ðDxÞT ðDpxÞT within the harmonic oscillator model.
Finally, a connection between the energy fluctuations and the uncertainty relation is clarified for the
Einstein’s heat capacity model. The analysis is made on the basis of fluctuation theory. The uncertainty
relation is valid not only in quantum state but also at finite temperature.
 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
One of the characteristics of the quantum mechanics is the
Heisenberg uncertainty relation. The Heisenberg uncertainty rela-
tion, DxDpx P h=2 ðh  h=2pÞ, is well known. Here Dx and Dpx
are the root-mean-square deviation from the expectation values
of the position and the momentum in a quantum state. According
to this relation, it is impossible to specify precisely and simultane-
ously the position x and momentum px, reflecting the wave-
particle duality. The uncertainty relation is a direct consequence
of the lack of commutativity of the operators between position x
and momentum px [1,2].
A significant paper ‘‘Universally valid reformation of the
Heisenberg uncertainty principle on noise and disturbance in mea-
surement” is published by M. Ozawa [3], which is known as the
Ozawa’s inequality. The experimental demonstration of valid refor-
mation is given in spin measurements by J. Erhart et al. [4]. The
recent developments on the quantum measurement for the under-
standings of the relation are given and summarized by J.-L. Li and
C.-F. Qiao [5].
On the other hand, the present study is based on the quantum
state which is inherent in the properties of the matter wave nature
of all quantum objects. The uncertainty principle arises from the
basic result in quantum mechanics due to the wave-like systems.
Hence, the viewpoint of uncertainty relation in the present paper
has no connection with quantum measurements and the corre-
sponding disturbances mentioned above.The purpose of the present paper is to investigate a linkage
between macroscopic thermodynamic quantities and the uncer-
tainty relation in the inherent quantum state. Macroscopic ther-
modynamic quantities could be related to the uncertainty
relation of microscopic state. In order to get more insight into this
connection, thermodynamic quantities will be expressed as a func-
tion of the strength of uncertainty relation in the harmonic oscilla-
tor model. General arguments of the minimum uncertainty and
density matrix are reported [6]. To present author knowledge,
however, expression in an actual specific system, concerning with
the linkage between the uncertainty relation and the thermody-
namic quantities, has not been provided.
To simplify matters, we consider one-dimensional harmonic
oscillator model, which is a successful exemplification for actual
linkage. The calculations are performed by two steps. First, thermal
average of the uncertainty relation is obtained. This average is car-
ried out on the basis of the fluctuation analysis in canonical system
in thermal equilibrium with a heat reservoir at temperature T [7].
The thermal average of the uncertainty relation, which is denoted
by (Dx)T(Dpx)T, is called a thermal uncertainty relation in this paper.
Second, the thermodynamic quantities, for the Einstein’s heat
capacity model based on the harmonic oscillators, are expressed
as a function of (Dx)T(Dpx)T. Internal energy E, the Helmholtz free
energy F, entropy S, and heat capacity at constant volume CV will
be written as a function of the strength of thermal uncertainty rela-
tion. These results are presented graphically.
Finally, a linkage between dispersion in energy <(DE)2> (mean
square deviation) and the uncertainty relation is clarified within
the Einstein model. The quantity <(DE)2> contains two terms, which
Fig. 1. The thermal average of the uncertainty relation, (Dx)T(Dpx)T/⁄, as a function
of x = kBT/⁄x in the one-dimensional harmonic oscillator model. Quantities (Dx)T
and (Dpx)T indicate the root-mean-square deviations in thermal equilibrium of
canonical system at T.
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wave-like fluctuation in energy. With increasing temperature, the
contribution to the dispersion in energy varies gradually and dis-
plays a crossover from particle to wave properties. The essential
point is that both particle-like fluctuation and wave-like fluctuation
in energy can be written as a function of (Dx)T(Dpx)T, respectively.
In addition, it is discussed that temperature is linked closely
with (Dx)T(Dpx)T in the harmonic oscillator model.
Thermal average of uncertainty relation
Let us consider the one-dimensional harmonic oscillator. Eigen-
value of the energy can be expressed as [1,2]
en ¼ nþ 12
 
hx; n ¼ 0;1;2; . . . ; ð1Þ
here n is the quantum number, ⁄ is Planck’s constant h divided by
2p (⁄  h/2p), and x is angular frequency of the harmonic oscilla-
tor. There are discrete, equally spaced energy levels en and (1/2)⁄
x is the zero-point energy. The Heisenberg uncertainty relation in
the eigenstate specified by n can be written as
ðDxÞnðDpxÞn ¼ nþ
1
2
 
h  h
2
; n ¼ 0;1;2; . . . ; ð2Þ
where for avoiding confusion, the subscript n in (Dx)n and (Dpx)n indi-
cates a certain quantum eigenstate in the one-dimensional oscillator
model [1]. The expectation values, <n|x2|n> and < njp2x jn > are
< njx2jn >¼ nþ 12
 ðh=mxÞ; n ¼ 0;1;2; . . . ;
< njp2x jn >¼ nþ 12
 
mhx; n ¼ 0;1;2; . . . : ð3Þ
We have <n|x|n> = 0 and <n|px|n> = 0 for any eigenstate because
of symmetry consideration in back and forth motion. Consequently
we have
< njðDxÞ2jn >¼< njx2jn >  < njxjn>2 ¼< njx2jn >;
< njðDpxÞ2jn >¼< njp2x jn >  < njpxjn>2 ¼< njp2x jn >
ð4Þ
Now we consider the fluctuation analysis in thermal equilib-
rium with a heat reservoir at temperature T. The canonical ensem-
ble leads to a distribution of the system over possible energy. The
partition function of one oscillator, Z, is given by
Z ¼
X
n
ebEn ¼ e
bhx=2
1 ebhx ; b ¼
1
kBT
; ð5Þ
here kB is Boltzmann’s constant. The mean energy <E> is written as
< E >¼ 1
2
hxþ hx
ebhx  1 : ð6Þ
The mean value of the quantum number for an oscillator
becomes
< n >¼
X1
n¼0ne
bðnþ1=2ÞhxX1
n¼0e
bðnþ1=2Þhx ¼
1
ebhx  1 : ð7Þ
The dispersions, ðDxÞ2T , in the thermal equilibrium can be writ-
ten in the forms [7]
ðDxÞ2T < ðDxÞ2>T ¼< x2>T < x>2T ¼< x2>T ;
¼ 1
Z
X1
n¼0
< njx2jn > ebEn ;
¼ h
mx
1
Z
X1
n¼0
1
2
þ n
 
ebðnþ1=2Þhx;
¼ h
mx

1
2
þ < n >

¼ h
mx
1
2
þ 1
e
hx
kBT  1
 !
:
ð8ÞIn the same way, ðDpxÞ2T becomes
ðDpxÞ2T < ðDpxÞ2>T ¼< p2x>T < px>2T ¼< p2x>T ;
¼ 1
Z
X1
n¼0
< njp2x jn > ebEn ;
¼ mhx 1Z
P1
n¼0
1
2þ n
 
eb9nþ1=2Þhx ;
¼ mhxf12þ < n >g ¼ mhx 12þ 1
e
hx
kBT1
 
:
ð9Þ
Consequently we obtain the formulae of (Dx)T  (Dpx)T: a
thermal average of the Heisenberg uncertainty relation can be
written in the forms
ðDxÞT  ðDpxÞT 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
< ðDxÞ2>T
q 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
< ðDpxÞ2>T
q 
;
¼ h
2
þ h
expðhx=kBTÞ  1 ¼
< E >
x
;
¼ h
2
coth
hx
2kBT
 
;
¼ h 1
2
þ < n >
 
P
h
2
:
ð10Þ
These quantities (Dx)T and (Dpx)T specify the root-mean-square
deviations from the statistical mean value in thermal equilibrium
of canonicalsystem. Thus we have several formulae for (Dx)T(Dpx)T
in the one-dimensional harmonic oscillator model. The quantity
(Dx)T(Dpx)T is an intensive variable and is called the thermal uncer-
tainty relation in this paper. Here, both ⁄/[ exp (⁄x/kBT)  1] and
<n> have the positive values except T = 0, therefore, the value of
(Dx)T(Dpx)T is greater than or equal to ⁄/2. The magnitude of
(Dx)T(Dpx)T goes to ⁄/2 of the minimum uncertainty as T? 0, while
it goes to infinity as T?1.
In addition, an alternated calculation is attempted. Since Eq. (3)
leads to a relation
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
< njx2jn >
p
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ< njp2x jn >p ¼ ðnþ 1=2Þh, the
statistical thermal average of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
< njðDxÞ2jn >< njðDpxÞ2jn >
q
, for
the canonical system in thermal equilibrium at T, gives the same
result of Eq. (10). This simple result is not trivial and it may be sat-
isfied specifically in the one-dimensional oscillator model.
In Fig. 1 the temperature dependence of (Dx)T(Dpx)T/⁄ is shown.
It is stressed that (Dx)T and (Dpx)T have different definitions from
these in the original Heisenberg uncertainty relation, where the
concept of temperature is not introduced.
948 S. Nagata / Results in Physics 6 (2016) 946–951It is remarked that Eq. (10) has validity within the oscillator
model of canonical system in thermal equilibrium. For other
canonical model systems, the formula concerned with Eq. (10)
has not been found yet because of the mathematical difficulty.Linkage between thermal quantities and the uncertainty
relation
The partition unction Z of individual oscillator, for the Einstein
model of one-dimensional lattice vibration, can be written as a
function of (Dx)T(Dpx)T/⁄.
Z ¼ e
bhx=2
1 ebhx ¼< n > exp
1
2
ln
< n > þ1
< n >
	 
 
;
¼ ðDxÞTðDpxÞT
h
 1
2
 
exp
1
2
ln
ðDxÞTðDpxÞT
h
þ 1
2
ðDxÞTðDpxÞT
h
 1
2
2
64
3
75
8><
>:
9>=
>;:
ð11Þ
Inversely, (Dx)T(Dpx)T/⁄ has the form in terms of Z
ðDxÞTðDpxÞT
h
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Z2
p
2
 ð12Þ
The partition function Z becomes zero as T goes zero, hence
(Dx)T(Dpx)T goes to ⁄/2 as T goes zero. Fig. 2 shows the variation
of Z in the strength of (Dx)T(Dpx)T/⁄. Since Z is expressed in terms
of (Dx)T(Dpx)T/⁄, thermodynamic quantities can be written analyt-
ically by using (Dx)T(Dpx)T/⁄, which are shown below.Fig. 2. The partition unction Z for individual oscillator as a function of (Dx)T(Dpx)T/⁄.
Fig. 3. The internal energy <E> as a function of (Dx)T(Dpx)T/⁄. The value of <E> has
no upper bound but has a certain lower bound because of the uncertainty relation.The mean internal energy in the canonical distribution is
< E > E ¼ 1
2
hxþ hx
ebhx  1 ¼ hx
ðDxÞTðDpxÞT
h
 ð13Þ
The value of <E> is in direct proportion to (Dx)T(Dpx)T/⁄. In Fig. 3
the variation of <E>/⁄x with (Dx)T(Dpx)T/⁄ is shown.
The Helmholtz free energy, F, can be written in the forms
F ¼ kBTlnZ ¼ hx2 þ kBT lnð1 ebhxÞ;
¼ hx
2
þ kBT lnð1 < n >
< n > þ1Þ;
¼ hx 1
2

ln
ðDxÞTðDpxÞT
h
þ 1
2
	 

ln
ðDxÞTðDpxÞT
h
þ 1
2
ðDxÞTðHpxÞT
h
 1
2
2
64
3
75
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
:
ð14Þ
Fig. 4 shows the Helmholtz free energy F. The value of F/⁄x
becomes 0.500 as (Dx)T(Dpx)T/⁄ goes to 0.500. The validity, of the
minimum F in stable equilibrium situation, implicitly rests upon
the uncertainty relation (Dx)T(Dpx)T/⁄.
The entropy, S, is derived from F in the forms
S ¼  @F
@T
 
V
¼ kB lnð1 ebhxÞ þ
hx
kBT
1
ebhx  1
 
;
¼ kBfð< n > þ1Þ lnð< n > þ1Þ < n > ln < n >g;
¼ kB ðDxÞTðDpxÞTh þ
1
2
 
ln
ðDxÞTðDpxÞT
h
þ 1
2
 
kB ðDxÞTðDpxÞTh 
1
2

ln
 ðDxÞTðDpxÞT
h
 1
2
 
:
ð15Þ
Fig. 5 shows S/kB versus (Dx)T(Dpx)T/⁄. The value of S/kB
becomes zero as (Dx)T(Dpx)T/⁄ goes to 0.500.
The heat capacity at constant volume, CV, is given by
CV ¼ @ < E >
@T
 
V
¼ kBðbhxÞ2 e
bhx
ðebhx  1Þ2
; ð16Þ
¼ kB ln< n>þ1
<n>
 2
<n> ð< n>þ1Þ ;
¼ kB ðDxÞTðDpxÞTh þ
1
2
  ðDxÞTðDpxÞT
h
1
2
 
 ln
ðDxÞTðDpxÞT
h
þ1
2
ðDxÞTðDpxÞT
h
1
2
2
64
3
75
8><
>:
9>=
>;
2
:
ð17ÞFig. 4. The Helmholtz free energy, F, as a function of (Dx)T(Dpx)T/⁄. The highest
value of F/⁄x is 0.500.
Fig. 5. Entropy, S, as a function of (Dx)T(Dpx)T/⁄.
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decomposed into two contributions, which is written as
CV
kB
¼ hx
kBT
 2 1
ebhx  1þ
1
ðebhx  1Þ2
( )
;
¼ hx
kBT
 2
ð< n > þ < n>2Þ ;
 CV ðpÞðFirst termÞ þ CV ðwÞðSecond termÞ ;
ð18Þ
CV ðpÞ ¼ ln
ðDxÞTðDpxÞT
h
þ 1
2
ðDxÞTðDpxÞT
h
 1
2
2
64
3
75
8><
>:
9>=
>;
2
ðDxÞTðDpxÞT
h
 1
2
 
; ð19Þ
CV ðwÞ ¼ ln
ðDxÞTðDpxÞT
h
þ 1
2
ðDxÞTðDpxÞT
h
 1
2
2
64
3
75
8><
>:
9>=
>;
2
ðDxÞTðDpxÞT
h
 1
2
 2
: ð20Þ
The first term CV(p) of Eq. (19) arises from the particle-like fluctua-
tion in energy and the second term CV(w) of Eq. (20) originates fromFig. 6. Heat capacity at constant volume, CV/kB, as a function of (Dx)T(Dpx)T/⁄, for
the Einstein model of one-dimensional lattice vibration. The heat capacity has two
components: CV/kB  CV(p + w) = CV(p) + CV(w). The behavior of CV(p) and CV(w)
originates from particle-like and wave-like properties of dispersion in energy. The
crossover point is found to be (Dx)T(Dpx)T/⁄ = 1.500 and CV(p) = CV(w) = 0.480. At
lower values, (Dx)T(Dpx)T/⁄ 1.500, CV(p) contributes dominantly to the heat
capacity.the wave-like fluctuation in energy. The energy fluctuation will be
mentioned briefly in next section.
Fig. 6 shows the variations of the heat capacity. With increasing
the value of (Dx)T(Dpx)T/⁄, the contribution to CV/kB varies gradu-
ally and displays a crossover from particle-like to wave-like prop-
erties because of the fluctuation in energy. The value of Cv(p) has a
broad maximum around (Dx)T(Dpx)T/⁄ = 0.755, with the height
CV(p) = 0.648. The crossover point is found to be (Dx)T(Dpx)T/⁄
= 1.500, and CV(p) = CV(w) = 0.480. This is a crossover of the domi-
nant contribution to the heat capacity from the particle picture to
wave picture in fluctuation energy with increasing the value of
(Dx)T(Dpx)T/⁄. In addition, when (Dx)T(Dpx)T/⁄ = 1.000, we have
CV(p) = 0.603 and CV(w) = 0.302, in which CV ðpÞ ¼ 2:000 CV ðwÞ.
As ðDxÞTðDpxÞT=h!1, CV=kB approaches 1.00, which corresponds
with the classical value of Dulong-Petit.
Energy fluctuations in connection with the thermal uncertainty
relation
The mean square deviation, <(DE)2>, which means the disper-
sion in energy, is defined as <(DE)2> = <E2>  <E>2. The fluctuation
in energy is
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
< ðDEÞ2 >
q
which means the root-mean square devi-
ation in energy. A general formula of <(DE)2> for the canonical sys-
tem is given by [7]
< ðDEÞ2 >¼ kBT2CV : ð21Þ
This Eq. (21) has the validity, regardless of whether zero-point
energy exists or not. From Eq. (18), the dispersion in energy <
(DE)2> for the Einstein model becomes
< ðDEÞ2 >
ðhxÞ2
¼ 1
ebhx  1þ
1
ðebhx  1Þ2
¼< n > þ < n>2 ;
¼ ðDxÞTðDpxÞT
h
 2
 1
4
;
¼ ðDxÞTðDpxÞT
h
 1
2
 
þ ðDxÞTðDpxÞT
h
 1
2
 2
;
ð22Þ
 DE2ðpÞðFirst termÞ þ DE2ðwÞðSecond termÞ : ð23ÞFig. 7. The dispersion in energy for the Einstein model of one-dimensional lattice
vibration as a function of (Dx)T(Dpx)T/⁄. The dispersion in energy, <(DE)2>,
normalized by (⁄x)2 has two components: <(DE)2>/(⁄x)2  DE2(p + w) = DE2(p)
+ DE2(w). The behavior of DE2(p) and DE2(w) comes from particle-like and wave-
like properties of dispersion in energy. The crossover point is given at (Dx)T(Dpx)T/⁄
= 1.500. At lower values, (Dx)T(Dpx)T/⁄ 1.500, DE2(p) contributes dominantly to
the dispersion in energy.
Fig. 8. The dispersion in energy as a function of (Dx)T(Dpx)T/⁄ over a range of 0.50 to
10.00.
Fig. 9. Schematic illustration showing the linking bridges in canonical system for
harmonic oscillator model. (a): Connection is mediated by means of <n>. They are as
follows: dispersion in energy <(DE)2>, thermal uncertainty relation (Dx)T(Dpx)T, and
the thermodynamic quantities such as mean energy E, the Helmholtz free energy F,
entropy S, and heat capacity at constant volume CV. (b): The dispersion in energy
<(DE)2> and the thermodynamic quantities S, E, F, and CV are mediated by
(Dx)T(Dpx)T.
950 S. Nagata / Results in Physics 6 (2016) 946–951The dispersion in energy <(DE)2> is linked to the strength of
(Dx)T(Dpx)T in Eq. (22). The essential point is that <(DE)2> contains
two components due to wave-particle duality in energy. In the
same way as for the heat capacity, the labels are assigned as Eq.
(23). The first term of Eq. (23) shows particle-like fluctuation,
and the second term shows wave-like fluctuation in energy. The
interpretation of this particle-wave duality is quite a long story
and was originally considered by Einstein [8]. The explanation of
the duality is omitted in the present paper. We quote here the ref-
erences in Ref. [9].
Figs. 7 and 8 show the variations of <(DE)2>/(⁄x)2. The cross
point is found to be (Dx)T(Dpx)T/⁄ = 1.500, and DE2(p) = DE2(w)
= 1.000. This is a crossover from the particle property to wave
property in dispersion with increasing (Dx)T(Dpx)T/⁄. The value of
<(DE)2>/(⁄x)2 decreases monotonically with decreasing (Dx)T
(Dpx)T/⁄. It goes to zero as (Dx)T(Dpx)T/⁄? 0.500. At high values,
(Dx)T(Dpx)T/⁄ 1.00, DE2(w) causes mainly <(DE)2 > /(⁄x)2.
Incidentally, another analysis has been reported [9]. Although it
is not dealt with here, the temperature dependence of <(DE)2> is
calculated for the harmonic oscillator model. From this analysis,
the graphical representation by using y = <(DE)2>/(⁄x)2 vs.
x = kBT/⁄x, the crossover point from the particle- to wave-like fluc-
tuations was found to be x = 1.443 with increasing temperature.
Discussion
Temperature and the thermal uncertainty relation
By using Eq. (10), temperature as a function of (Dx)T(Dpx)T/⁄ can
be written in the forms
T ¼ hx
kB
 
1
ln
< n > þ1
< n >
  ;
¼ hx
kB
 
1
ln
ðDxÞTðDpxÞT
h
þ 1
2
ðDxÞTðDpxÞT
h
 1
2
8><
>:
9>=
>;
 ð24Þ
Inversely, (Dx)T(Dpx)T/⁄ is expressed in terms of T as given in Eq.
(10). In the region of (Dx)T(Dpx)T/⁄ 0.500 and hence kBT ⁄x,
we have
T ¼ hx
kB
  ðDxÞTðDpxÞT
h
 1
2
 
; kBT  hx : ð25ÞEqs. (24) and (25) indicate a close connection of T with (Dx)T
(Dpx)T/⁄. In fact, Fig. 1 shows a simple linear dependence over a
temperature region kBT/⁄x > 1.
In statistical mechanics, the temperature has been introduced
to the canonical system as a parameter or index which determines
the distribution to the each energy level. Hence this distribution
leads magnitudes of many thermodynamic quantities. In this
framework, the temperature does not directly connect with a
specific dynamical variable. Nevertheless, it is worth discussing
the relationship between T and (Dx)T(Dpx)T/⁄.
The temperature is an intensive variable and the quantity
(Dx)T(Dpx)T is also an intensive variable. The absolute temperature
has the minimum value T = 0, and in the same manner the lowest
value of (Dx)T(Dpx)T/⁄ is bounded by 0.500. If the two separated
systems are characterized by the same temperature, then the sys-
tems will remain in equilibrium when brought into thermal con-
tact with each other. In this sense, the same temperature in the
two systems holds the same value of (Dx)T(Dpx)T/⁄with each other.
The figures from 2 to 8 represent the characteristic behaviors of
thermal properties as a function of (Dx)T(Dpx)T/⁄, where the
horizontal x-axis signifies (Dx)T(Dpx)T/⁄. In these figures x-axis
seems to play a role just like temperature, over the region of
(Dx)T(Dpx)T/⁄ > 1.00.
Here the author would like to mention some speculative
remarks, regardless of whether the description is adequate or
not. An activity of the uncertainty relation may drive substantially
the canonical system to the thermal equilibrium state. Even if at
low temperatures, the most canonical systems can attain to the
proper equilibrium state by changing and adjusting the distribu-
tion. The zero-point energy due to the uncertainty relation can
shuffle and mix extremely low energy in the system. Presumably
tunneling effect, arisen from the overlap of the wave functions
between adjacent oscillators, also helps the system to draw into
the thermal equilibrium in the harmonic oscillator model.Linking bridges by the thermal uncertainty relation
Fig. 9 shows schematic illustrations from a perspective view
point. These illustrations specify the connections between thermo-
dynamic quantities and the thermal uncertainty relation for har-
monic oscillator model. The present work exemplifies that the
S. Nagata / Results in Physics 6 (2016) 946–951 951validity of macroscopic thermodynamics rests implicitly upon the
uncertainty relation in quantum-mechanical laws in the micro-
scopic world.
Summary
The thermodynamic quantities in harmonic oscillator model
have been written analytically as a function of the thermal uncer-
tainty relation (Dx)T(Dpx)T. It is clarified that the uncertainty rela-
tion is alive and breathing in the macroscopic world. The thermal
uncertainty relation does not conflict with any results so far
investigated.
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